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2 Guido Kruse & Peter Schneider
clusters with very faint emission which could be missed by
other selection criteria.
The basic method discussed in S96 is to use the aperture
massM
ap
() technique (Kaiser 1995; Squires & Kaiser 1996)
on deep wide-eld images. The aperture mass is the pro-
jected density eld of the mass inhomogeneities between us
and the population of faint high-redshift galaxies, weighted
by a redshift-dependent term and ltered through a function
of zero net weight (e.g., a Mexican hat). The advantage of
this measure is that it can be expressed directly in terms of
the shear, for which the observed image ellipticities provide
an unbiased estimate. Thus, an estimate for the aperture
mass can be expressed directly in terms of observables, with
well dened signal-to-noise ratio. Hence, a (dark) matter
concentration would be `seen' as a high S/N peak in the
aperture mass map.
In this paper, we investigate the statistics of such peaks
in various cosmological models. The number density of
haloes is calculated using the Press-Schechter (1974) for-
malism, and their density prole is approximated by the uni-
versal halo prole found by Navarro, Frenk & White (1996,
1997; hereafter NFW). In Sect. 2 we summarize our method,
and estimate signal-to-noise statistics in Sect. 3. The num-
ber of haloes of given M
ap
(), as a function of lter scale ,
and source and lens redshift, is derived in Sect. 4. We discuss
the degree to which observations can be used to distinguish
between these various cosmologies in Sect. 5, and present
our conclusions in Sect. 6.
2 FORMALISM
Following S96, we dene the spatially ltered mass inside a







# (#) U(j#j); (1)
where the continuous weight function U(#) vanishes for # >




d# # U(#) = 0; (2)
one can express M
ap

















is the tangential component of the shear at position # =














)   U(#): (5)
We use a lter function from the familiy given in Schneider
et al. (1998), specically we choose the one with l = 1. Then
writing U(#) = u(#=)=
2

























with u(x) = 0 and q(x) = 0 for x > 1. We will describe
the mass density of dark matter haloes with the universal















































denote the present day density parameters in
dust and in vacuum energy respectively. Haloes identied at
redshift z with mass M are described by the characteristic
density contrast Æ
c










is the virial radius dened such that a sphere with
radius r
200





. We compute the parameters which specify
the NFW prole according to the description in NFW using
the tting formulae given there.
The surface mass density of the NFW-prole is given






























































is the angular diameter distance to the


















being the angular diameter distances to
the source and from the lens to the source, we dene the
dimensionless surface mass density (convergence) which is a












































The second important quantity for lensing eects is the



















where  is given by the two-dimensional Poisson equation
r
2
 = 2: (16)
In the case of an axi-symmetric density prole, the magni-
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(see Brainerd et al. 1996). The mean redshift of this distri-
bution is proportional to z
0
and depends on the parameter
 which describes how quickly the distribution falls o to-
wards higher redshifts. We will use the values  = 1:5 and
z
0
= 1. For these values the mean redshift hzi is given by
hzi = 1:505 z
0
. With the distribution (23) we dene a source



































We emphasise here that the aperture mass M
ap
in this form
depends on three parameters: the lens mass M , the lens
redshift z
d
and the aperture radius . The mass and redshift

















3 SIGNAL-TO-NOISE RATIO STATISTICS
S96 introduced a signal-to-noise ratio for theM
ap
- statistics.















where n is the number density of galaxy images and 
t
is
the tangential component of the ellipticity of a galaxy at
position #
i





in the absence of lensing can be calculated by squaring

















where we used that the ellipticities of dierent images are
not correlated and the dispersion of the observed ellipticity
equals the intrinsic ellipticity distribution 

. We take as
reference values 

= 0:2 and n = 30 arcmin
 2
(see S96).



















because the ellipticity is an unbiased estimate of the local
shear in the case of weak lensing. Averaging (27) over the
probability distribution for the spatial distribution of galax-

























































depends only on the lter scale  and the in-
trinsic properties of the source galaxies.
4 NUMBER OF HALOES
We assume dark matter haloes are distributed according to
the Press-Schechter (1974) theory . In this formalism an an-
alytical expression for the comoving number density of non-
linear objects is derived on the basis of the spherical collapse
theory assuming the initial density contrast to be a gaussian
random eld. The mass fraction in collapsed objects in the

































The redshift dependence of this function is given by the
critical density treshold Æ
crit
(z) for spherical collaps which
depends on the linear growth factor D
+
(z) (Lacey & Cole
1993). (M) is the present linear theory rms density uc-
tuation computed using a top hat lter and a CDM power
spectrum (Bardeen et al. 1986) with shape parameter   and
normalization 
8
. We use the tting formulae given in NFW
to compute (M) and Æ
crit





=M ,where  is the mean mass density today,
we get the number of objects in the proper volume dV
p
with












For xed values of the lens redshift z
d
and the aperture
radius  the aperture mass M
ap
is a monotonically increas-
ing function of the halo mass M (see Figure 1). This func-











; ) for the mass obtained by inversion. The
number of haloes in a given proper volume with mass greater
c
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Figure 1. The aperture mass M
ap
, as dened in (1), computed
for ve dierent cosmologies as indicated by the line types. The
numbers in parentheses are the normalization 
8
and the shape
parameter  . The lens redshift is z
d
= 0:3 and the aperture radius














































where H(x y) is the Heaviside step function. The integral is
non-zero only for M > M
t










































































































; ) is the num-
ber of haloes per steradian with aperture mass larger than
M
ap
. Since the aperture mass is determined by the tangen-
tial shear the number of haloes N(> M
ap
; ) is an observ-
able.
5 RESULTS
In this section we use the observable N(> M
ap
; ) to con-
strain various cosmological models. We perform our calcu-
lations for the same ve cosmological models as in Figure
Figure 2. The number of haloes per square degree and unit red-
shift interval with aperture mass greater than 0.04, as dened
in (40), as a function of lens redshift for the same cosmological
models as indicated in Figure 1. The lter scale is  = 2 arcmin.
1. For three of them, the power spectrum is approximately
cluster normalized, which corresponds to 
8
 0:6 for an























= 0:7). For these models we
use the shape parameter   = 0:25 which yields the best
t to the observed two-point correlation function of galax-
ies (Efstathiou 1996). The remaining two EdS models have
higher normalization (
8
= 1, approximately corresponding
to the COBE normalization) or a dierent shape parameter
(  = 0:5).

























which is the number of haloes per unit solid angle and unit






; ) for a lter
scale of  = 2
0












As expected from the evolution of the cluster mass func-
tion, the volume elements and the aperture massM
ap
, we get
dierent number densities of haloes for various cosmological








more, the number density of rich clusters at intermediate
redshifts drops more rapidly in a critical density universe.
The dependence of the volume elements and the aperture
mass M
ap
on the angular diameter distances enhances the
dierence between the cosmologies for high redshifts, and
causes a decreasing number of haloes towards very small
redshifts.
If we integrate (40) over lens redshift we obtain the
observable N(>M
ap
; ). We have plotted this observable in
Figure 5 as a function of the aperture mass. The dependence
of (38) onM
ap
and  can be understood as follows: Since the
aperture massM
ap
is a monotonically increasing function of
the halo mass (for a xed redshift and lter scale; see Figure
1) we expect N(>M
ap
; ) to decrease with increasing M
ap
.
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Table 1. The number of haloes per square degree with aperture mass greater than M
ap
= 0:04 and M
ap
=
0:08 , as dened in (38), for the lter scale  = 2 arcmin. The redshift interval in brackets denote the
integration range in (38). The number of haloes is computed for ve cosmological models.
EdS(0.6,0.25) EdS(1,0.25) EdS(0.6,0.5) OCDM(1,0.25) CDM(1,0.25)
N(> 0:04;2
0


































Figure 3. Same as Fig. 2, for M
ap
= 0:08. The aperture mass
is a monotonically increasing function of the halo mass (see Fig-
ure 1). Furthermore, rich clusters evolve more than clusters with
low mass. Therefore, compared to Figure 2, the number density
of haloes is smaller and we observe a stronger evolution in the
various cosmologies.
smaller and, because of the monotony of M
ap
in the halo
mass, for xed M
ap
the corresponding threshold mass M
t
increases. Therefore the number of haloes decreases with in-
creasing lter size. Because of this behaviour ofN(>M
ap
; )
we can select a lter radius and a value for M
ap
which al-
lows us to count a suÆcient number of haloes used for nding
a signicant dierence between the various cosmologies. In
practice we have to determine a signal-to-noise ratio thresh-
old above which we can consider a signicant detection. We
will use here mainly a threshold value of S
c
= 5.
In Figure 4 we have plotted the number of haloes per
square degree with aperture masses yielding a signal-to-noise
ratio above the threshold value S
c
= 5 for dierent lter





(), as dened in (38), as a function
of the lter scale for the same cosmological models as indicated
in Figure 1. For  = 2
0
we obtain a maximum number of haloes
for all cosmologies at a xed signal-to-noise ratio S
c
= 5.
scales. According to Figure 4 we count in all cosmologies the
maximum number of haloes for  = 2 arcmin. We will use
this `optimal' lter scale for our calculations. According to
(31) the corresponding aperture mass is M
ap
= 0:04 for the
`optimal' lter radius and the signal-to-noise ratio threshold.
In real observations, the derived value ofM
ap
will dier
from the true one due to several eects. First, the intrinsic
ellipticity distribution of the source galaxies causes noise in
the measurement ofM
ap
which is given by (29). Second, the
number of source galaxies in the lter will have at least Pos-
sonian noise. And third, halos are not isolated, but there will
be perturbing mass inhomogeneities along the line-of-sight
to the halo. Comparing the rst two sources of errors, the
rst dominates (see Schneider et al. (1998)), and so we con-
c
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Figure 5. The number of haloes per square degree with aperture
mass greater than M
ap
, as dened in (38), as a function of M
ap
for the same cosmological models as indicated in Figure 1. The
lter scale is  = 2 arcmin.
Figure 6. The convolution of the number of haloes per square
degree with aperturemass greater thanM
ap
with the distribution
(41), as dened in (42), as a function ofM
ap
for the same cosmo-
logical models as indicated in Figure 1. The lter scale is  = 2




as the uncertainty with which we can measure M
ap
.
The third source of error cannot be modelled analytically,
but must be estimated through ray-tracing simulations such
as those carried out by Jain, Seljak & White (1998). Then,
by taking into account only the noise coming from the intrin-
sic ellipticity distribution of the source galaxies, we assume
that the deviation M
ap









































Figure 7. The number of haloes per square degree with aperture
mass greater than M
ap
= 0:04, as dened in (38), as a function
of source redshift for the same cosmological models as indicated
in Figure 1. All sources are assumed to be at the same redshift.



















In comparison with the non-convolved function (see Figure
5) the values of (42) are only slightly enhanced for the val-
ues of M
ap
we are interested in (e.g., M
ap
= 0:04; 0:08).
Therefore, in the following discussion we shall neglect the







We shall now discuss whether from measuring the num-
ber density of haloes above a given threshold M
ap
, one
can distinguish between the various cosmological models
mentioned at the beginning of this section. From Figs. 5
and 6, we see that the EdS models with 
8
= 0:6 and
  = 0:25 [hereafter EdS(0.6,0.25)], and with 
8
= 1 and
  = 0:25 [hereafter EdS(1,0.25)], have a considerably lower
and higher, respectively, number density of haloes for given
M
ap
than the three other models. From the numbers in Ta-
ble 1, considering a value of M
ap
= 0:04 or signal-to-noise
of 5, it is clear that these two cosmologies can be distin-
guished signicantly (by which we mean that the Poisson
error bars do not overlap) from the other three already with
1 deg
2
of a deep imaging survey. To distinguish between the
other three cosmologies [EdS(0.6,0.5), OCDM, CDM], a
larger-area survey is needed. Taking the projected MEGA-
CAM survey with its expected 25 deg
2
as an example (Mel-
lier et al. 1998), one sees from the numbers in Table 1 that
at M
ap
= 0:08 (signal-to-noise of 10), this survey is more
than suÆcient to allow a clear distinction of these three cos-
mologies. We therefore conclude that the currently planned
wide-eld imaging surveys will allow to separate between
the most popular currently discussed cosmological models.
In order to get a more precise handle on the values of
the cosmological parameters and/or the shape of the initial
power spectrum, more detailed information may be used.
Assuming that the haloes giving rise to measurements of
M
ap
are not completely dark, but cluster-like (though pos-
sibly with a broad range of mass-to-light ratios), one might
be able to identify a measured halo with a galaxy overden-
sity on the sky and/or in redshift, and thus determine the
c
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redshift of the corresponding halo, using either photometric
redshift techniques or spectroscopy. In this case, the red-
shift dependence of the halo distribution can be measured.
As shown in Figs. 2 and 3, the redshift evolution of the halo
density as probed by M
ap
is quite dierent in the cosmolo-
gies considered here.
In Table 1 we have also displayed the number of haloes





= 0:08 for the lter scale  = 2
0
for the ve
cosmological models, using two dierent redshift intervals,
z 2 [0:15; 0:4] and z 2 [0:4; 1]. By comparing the halo den-
sities in the dierent redshift intervals for the various cos-
mologies in Figs. 2 and 3, we expect the largest dierences
between the cosmological models for M
ap
= 0:08. The rea-
son for this is the stronger evolution for the rich cluster
mass function which corresponds to large values of the aper-
ture mass (see Figure 1). Whereas the EdS(0.6,0.25) and
EdS(1,0.25) models are again very dierent from the other
three, the use of redshift information greatly helps to dis-
tinguish the EdS(0.6,0.5) model from the two low-density
models. For the latter, a survey area of less than 3 deg
2
would be suÆcient.
One might think of another way to obtain redshift infor-
mation, namely to use source galaxies at dierent redshifts
(distinguished, say, by photometric redshift estimates). To
investigate this eect, we have plotted in Figure 7 the de-
pendence of the number of haloes on the redshift of the
sources for M
ap
= 0:04 and  = 2
0
. All sources are assumed
to be at the same redshift z
s
. Whereas the number density
of haloes as measured with M
ap
depends strongly on the
source redshift, this dependence is quite similar in all cos-
mologies, except at rather low redshifts, z
s
 0:6. However,
their number density is likely to be fairly small, so that the
dierences seen in Fig. 7 will be very diÆcult to measure.
We therefore discard this indicator at this point.
6 DISCUSSION AND CONCLUSIONS
In this paper we investigated the statistics of high signal-to-
noise peaks in the aperture mass map in various cosmologi-
cal models. We constructed the observable number of peaks
in the aperture mass N(> M
ap
; ) using the Press-Schechter
theory for evaluating the number density of haloes and the
universal density prole of NFW. The observable number
density of high signal-to-noise peaks in the aperture mass
map { or in other words, the number density of mass-selected
haloes { is large in all cosmological models considered here,
and range from  10 deg
 2
for a cluster normalized EdS
model to  70 deg
 2
for a COBE-normalized EdS model,
quoted for a signal-to-noise ratio of 5. Even for a signal-to-
noise ratio of 10, the number density of detectable haloes
is about one per square degree. Hence, in future wide-eld
imaging surveys, such haloes will easily be found, so that a
mass-selected sample of `clusters' is within reach. Given that
the cluster abundance has been used extensively as a cos-
mological probe, this mass-selected sample will be extremely
useful to related observations to theoretical predictions.
We estimated that a few square degrees of a deep wide-
eld imaging survey will be suÆcient to distinguish between
some of the most popular cosmological parameter sets. In
particular, cluster-normalized low-density universes can be
easily distinguished from a cluster-normalized EdS model,
which is mainly due to the fact that in the latter, the number
density of haloes at a redshift of z
d
 0:3, which is mainly
probed by our technique, is predicted to be considerably
lower than in the open models.
Whereas our estimates on the number density of de-
tectable haloes are based on several simplifying assumptions
(e.g., that halo number density can be obtained from the
Press-Schechter theory, that the mass density is spherical
and follows an NFW prole, that halos are isolated, etc.) and
therefore probably not very accurate, the numbers obtained
should approximately reect the true situation. In partic-
ular, the relative abundance as a function of M
ap
and in
dependence on cosmological parameters will be the same as
calculated here. For more quantitative estimates, ray-tracing
calculations in a model universe obtained from N-body sim-
ulations have to be used. With results obtained from there,
more sensitive statistics for the determination of cosmolog-
ical parameters can be derived.
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